Metrizable DH-spaces of the first category by Medvedev, Sergey
ar
X
iv
:1
40
1.
79
64
v2
  [
ma
th.
GN
]  
1 F
eb
 20
14
METRIZABLE DH-SPACES OF THE FIRST CATEGORY
SERGEY MEDVEDEV
Abstract. We show that if a separable spaceX has a meager open subset containing a copy of
the Cantor set 2ω, then X has c types of countable dense subsets. We suggest a generalization
of the λ-set for non-separable spaces. Let X be an h-homogeneous Λ-set. Then X is densely
homogeneous and X \A is homeomorphic to X for every σ-discrete subset A ⊂ X .
All spaces under discussion are metrizable.
We see the rapid growth of the theory of CDH-spaces lately. For example, K. Kunen, A.
Medini and L. Zdomskyy [KMZ] proved that if a separable metrizable space X is not CB but
has a CB dense subset, then X has c types of countable dense subsets. They obtained a similar
result [KMZ, Theorem 16] for a non-Baire space with the perfect set property for open sets.
In fact, it suffices (see Theorem 1.4) to have a meager open subset containing a copy of the
Cantor set 2ω.
We introduce the Λ-sets as a generalization of the λ-sets for non-separable spaces and con-
sider its properties. In particular, we improve (see Theorem 2.2) the result due to R. Herna´ndez-
Gutie´rrez, M. Hrusˇa´k and J. van Mill [HHM, Proposition 4.9] concerning CDH-property of
h-homogeneous λ-sets.
In the paper we are not dealing with the set-theoretic methods; only topological methods
are applied.
1. DH-spaces
For all undefined terms and notation see [En].
X ≈ Y means that X and Y are homeomorphic spaces. A separable topological space X is
countable dense homogeneous (briefly, CDH) if, given any two countable dense subsets A and
B of X , there is a homeomorphism h : X → X such that h(A) = B. The type of a countable
dense subset D of a separable space X is {h(D) : h is a homeomorphism of X}. So a separable
space is CDH if and only if it has exactly one type of countable dense subsets. Also notice that
the maximum possible number of types of countable dense subsets of a separable space is c.
A space X is densely homogeneous (briefly, DH) provided that (1) X has a σ-discrete dense
subset and (2) if A and B are two σ-discrete dense subsets ofX , then there is a homeomorphism
h : X → X such that f(A) = B. One can check that no DH-space without isolated points can
be a σ-discrete space. Clearly, if X is a separable metrizable space, then X is CDH⇔ X is DH.
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A space X is called of the first category (or meager) if it can be represented as a countable
union of nowhere dense sets. A space X is completely Baire (briefly, CB) if every closed subspace
of X is a Baire space.
Lemma 1.1 was obtained by the author [M2]. Independently it was proved for separable
spaces by B. Fitzpatrick Jr. and H-X. Zhou [FZ].
Lemma 1.1. For a metric space X the following are equivalent:
1) the space X is of the first category,
2) X contains a σ-discrete everywhere dense set of type Gδ without isolated points.
Recall that a separable space in which every countable set is a Gδ-set is called a λ-set.
Likewise, a space in which every σ-discrete set is a Gδ-set is called a Λ-set. From Lemma 1.1
it follows that every metrizable Λ-set without isolated points is of the first category in itself.
The following statement is similar to [FZ, Theorem 3.4].
Theorem 1.2. Every DH, meager, metrizable space X is a Λ-set.
Proof. Take a σ-discrete subset A of X . By Lemma 1.1, there is a σ-discrete dense Gδ-set
B ⊂ X . Clearly, A∪B is a σ-discrete dense subset of X . Then A∪B is a Gδ-set in X because
A ∪ B = h(B) for some homeomorphism h : X → X . Since A is a Gδ-set in A ∪ B, A is a
Gδ-set in X . 
Theorem 1.3. If a meager metrizable space X contains a copy of the Cantor set 2ω, then X
is not DH.
Proof. Let 2ω ≈ F ⊂ X . Clearly, F is a closed nowhere dense subset of X . Take a dense set
A ⊂ F such that A is homeomorphic to the rationals. By Lemma 1.1, there is a σ-discrete
dense Gδ-set B ⊂ X . The set F \ (A ∪ B) is not Fσ in F because it is homeomorphic to the
irrationals. Hence, X \ (A ∪ B) is not Fσ in X . Since A ∪ B is not Gδ in X , there is no
homeomorphism f : X → X with f(B) = A ∪ B. Thus, X is not DH. 
Theorem 1.4. Suppose a separable metrizable space X has a meager open subset containing a
copy of the Cantor set 2ω. Then X has c types of countable dense subsets.
Proof. The set V =
⋃
{U : U is a meager open set in X} is the largest open subset of X which
is meager in itself. One can check that Y = {y ∈ X : every neighborhood of y contains a copy
of the Cantor set 2ω} is a closed subset of X . Under the conditions of the theorem, V ∩Y 6= ∅.
Case 1. Let V ∩ Int(Y ) = ∅. Then V ∩ Y is a non-empty closed nowhere dense subset of V .
Choose a countable set D ⊂ V such that V ⊆ D and D ∩ Y = ∅. If X \ V 6= ∅, fix a countable
set D∗ such that D∗ = X \V ; otherwise put D∗ = ∅. Take a copy K ⊂ V ∩Y of the Cantor set
2ω and consider a family {Eα ⊂ K : α < c} of size c consisting of pairwise non-homeomorphic
countable spaces; such family exists by the theorem due to S. Mazurkiewicz and W. Sierpin´ski
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[MS]. For every α < c, define Dα = Eα ∪D ∪D
∗. Clearly, each Dα is a countable dense subset
of X .
We claim that Dα and Dβ are countable dense subsets of X of a different type whenever
α 6= β. Assume that there exists a homeomorphism h : X → X such that h(Dα) = Dβ.
One readily sees that h(V ) = V , h(X \ V ) = X \ V , and h(V ∩ Y ) = V ∩ Y . Hence,
Eβ = Dβ ∩ V ∩ Y = h(Dα ∩ V ∩ Y ) = h(Eα). This contradicts the fact that Eα and Eβ are
non-homeomorphic.
Case 2. Let V ∗ = V ∩ Int(Y ) 6= ∅. Now we will use ideas from the proof of [HM, Theorem
4.5]. Fix a copy K ⊂ V ∗ of the Cantor set 2ω. Clearly, K is nowhere dense in V ∗. Then
there exists an open set W such that W ⊂ V ∗, V ∗ \W 6= ∅, and the boundary Fr(W ) = K.
Obviously, W ∩ K = ∅. Using Lemma 1.1, we can choose a countable dense subset D ⊂ W
which is a Gδ-set in X . Take a countable base {Vn : n ∈ ω} for V
∗ \W . For every n ∈ ω we
may pick a closed nowhere dense set Fn ⊂ Vn such that Fn ≈ 2
ω. Without loss of generality,
Fn ∩ Fm = ∅ whenever n 6= m. Let Dn be a countable dense subset of Fn. Clearly, each Dn is
homeomorphic to the rationals. Put D′ = ∪{Dn : n ∈ ω}. Note that D
′ ∩O is not a Gδ-subset
of X for every non-empty open set O ⊆ V ∗ \W . For if this were true, we could pick n ∈ ω such
that Fn ⊂ O which would imply that D
′ ∩Fn = Dn would be Gδ in Fn. The last contradicts to
the Baire category theorem because the rationals cannot be homeomorphic to a Gδ-subset of a
compact space.
Fix a countable dense subset D′′ of X \ V ∗. Put D∗ = D ∪D′ ∪D′′.
As above, there exists a family {Eα ⊂ K : α < c} of size c consisting of pairwise non-
homeomorphic countable spaces. For every α < c, define Dα = Eα ∪D
∗. Clearly, each Dα is a
countable dense subset of X .
We claim that Dα and Dβ are countable dense subsets of X of a different type whenever
α 6= β. Assume that there exists a homeomorphism h : X → X such that h(Dα) = Dβ.
One readily sees that h(V ) = V and h(Y ) = Y . Hence, h(V ∗) = V ∗. Moreover, let us
show that h(W ) ∩ (V ∗ \W ) = ∅. Assume the converse. Then there is a non-empty open set
O ⊂ W such that h(O) ⊂ V ∗ \ W . However, this is impossible because O ∩ D is a Gδ-set
in X while h(O ∩ D) = h(O) ∩ D′ is not. Likewise, we obtain W ∩ h(V ∗ \W ) = ∅. Thus,
h(W ) = W and h(V ∗ \W ) = V ∗ \W . Hence, h(K) = K because V ∗ = W ∪ K ∪ (V ∗ \W ).
Then Eβ = Dβ ∩ K = h(Dα ∩ K) = h(Eα). This contradicts the fact that Eα and Eβ are
non-homeomorphic. 
2. h-Homogeneous DH-spaces
A space X is called h-homogeneous if IndX = 0 and every non-empty clopen subset of X
is homeomorphic to X . If U is a family of subsets of a metric space (X, ̺), then ∪U = ∪{U :
U ∈ U} and mesh(U) = sup{diamU : U ∈ U} is a measure of U .
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Lemma 2.1. Let Xi be a metrizable space with IndXi = 0 and Fi be a nowhere dense closed
subset of Xi, where i ∈ {1, 2}. Let f : F1 → F2 be a homeomorphism.
Then there exist a σ-discrete (in Xi) cover Vi of Xi\Fi by non-empty pairwise disjoint clopen
subsets of Xi, i ∈ {1, 2}, and a bijection ψ : V1 → V2 such that for any subsets D1 ⊆
⋃
V1 and
D2 ⊆
⋃
V2 and any bijection g : D1 → D2 satisfying g(D1 ∩ V ) = D2 ∩ψ(V ) for every V ∈ V1,
the combination mapping f▽g : F1 ∪ D1 → F2 ∪D2 is continuous at each point of F1 and its
inverse (f▽g)−1 is continuous at each point of F2.
Under the conditions of Lemma 2.1, we say [M4] that:
1) the cover Vi forms a residual family with respect to Fi, where i ∈ {1, 2},
2) the bijection ψ : V1 → V2 is agreed to f .
Remark. A construction similar to Lemma 2.1 was used by B. Knaster and M. Reichbach
[KR] for separable spaces and by A. V. Ostrovsky [Os] and the author [M3] for non-separable
spaces. The last two papers were written in Russian, therefore the proof of Lemma 2.1 was also
given in [M4]. Note that like statements are obtained for arbitrary metrizable spaces in [M3]
and [M4].
Independently Lemma 2.1 was obtained by F. van Engelen [vE]. In his notation, the triple
〈V1,V2, ψ〉 is called a Knaster-Reichbach cover, or KR-cover, for 〈X1\F1, X2\F2, f〉. Sometimes
this term is more convenient.
Theorem 2.2. Let X be an h-homogeneous metrizable Λ-set. Then X is DH.
Proof. Let w(X) = τ . Take two σ-discrete dense subsets A and B of X . From h-homogeneity
of X it follows that A and B are weight-homogeneous spaces of weight τ . Then A ≈ B ≈ Q(τ)
by [M1, Theorem 1], where Q(τ) is the small σ-product of countably many discrete spaces of
cardinality τ . Let A = ∪{An : n ∈ ω}, where each An is discrete in X , and B = ∪{Bn : n ∈ ω},
where each Bn is discrete in X .
Fix a metric ̺ on X which induces the original topology on X . Since IndX = dimX = 0,
by [En, Theorem 7.3.1], there exists a sequence U 0,U 1, . . . of discrete clopen covers of X such
that mesh(Un) < 1/(n + 1) and Un+1 is a refinement of Un for each n. Obviously, the family
U = {U ∈ Un : n ∈ ω} forms a base for X . For each U ∈ U fix a homeomorphism ϕU : X → U .
Then the sets A∗ = A∪
⋃
{ϕU(A) : U ∈ U} and B
∗ = B ∪
⋃
{ϕU(B) : U ∈ U} are σ-discrete in
X . By definition of a Λ-set, A∗ and B∗ are both Gδ-subsets of X . Since X
∗ = X \ (A∗ ∪B∗) is
a dense subset of X , it is a meager subset of X . Then X∗ can be represented as ∪{Xn : n ∈ ω},
where each Xn is a nowhere dense closed subset of X . By construction, ϕU(Xn) ∩ A = ∅ and
ϕU(Xn) ∩ B = ∅ for any n ∈ ω and U ∈ U .
The difference X \(A∪X∗) is a σ-discrete subset of X . Then X \(A∪X∗) = ∪{A∗n : n ∈ ω},
where each non-empty A∗n is discrete in X . Similarly, X \ (B ∪ X
∗) = ∪{B∗n : n ∈ ω}, where
each non-empty B∗n is discrete in X .
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We will construct the homeomorphism f : X → X satisfying f(A) = B by induction on n.
For each n ∈ ω we will find a pair of closed nowhere dense sets Fn and En, a homeomorphism
fn : Fn → En, a KR-cover 〈Vn,Wn, ψn〉 for 〈X \ Fn, X \ En, fn〉 such that:
(a) Fn ∪Xn ∪A
∗
n ∪ An ⊂ Fn+1,
(b) En ∪Xn ∪ B
∗
n ∪Bn ⊂ En+1,
(c) fn(A ∩ Fn) = B ∩ En,
(d) the restriction fn|Fi = fi for every i < n,
(e) mesh(Vn) < 1/(n+ 1) and mesh(Wn) < 1/(n+ 1),
(f) Vn+1 refines Vn and Wn+1 refines Wn,
(g) if V ∈ Vn and V
∗ ∈ Vm for n < m, then V
∗ ⊂ V if and only if ψm(V
∗) ⊂ ψn(V ).
For n = 0, let F0 = E0 = ∅, V0 =W0 = {X}, ψ0(X) = X , and f0(∅) = ∅.
Now let us consider the induction step n+ 1 for some n ∈ ω.
First, fix V ∈ Vn and W = ψn(V ) ∈ Wn. Let Y = V ∩ Xm, where m is the least i with
V ∩Xi 6= ∅, and Z =W ∩Xl, where l is the least i with W ∩Xi 6= ∅.
Since A is dense in X and X is nowhere locally compact and weight-homogeneous, there
exists a discrete (in X) set A′ ⊂ A∩ V of cardinality τ such that Am ∩ V ⊂ A
′, where m is the
least i with V ∩ Ai 6= ∅. We can also find a discrete (in X) set B
′ ⊂ B ∩W of cardinality τ
such that Bl ∩W ⊂ B
′, where l is the least i with W ∩Bi 6= ∅. Choose a bijection g : A
′ → B′.
Next, let A∗′ = V ∩A∗m, where m is the least i with V ∩A
∗
i 6= ∅, and B
∗′ = W ∩B∗l , where l
is the least i with W ∩B∗i 6= ∅. Now we have to distinguish some possibilities. Case 1: A
∗′ 6= ∅
and B∗′ 6= ∅. By adding points from V ∩ (X∗ \ Y ) or from W ∩ (X∗ \ Z), if it is necessary, we
may assume that A∗′ and B∗′ are both discrete subsets of X of the same cardinality. Case 2:
A∗′ 6= ∅ and B∗′ = ∅. In this case we replace B∗′ by a discrete subset from W ∩ (X∗ \ Z) of
cardinality |A∗′|. Case 3: A∗′ = ∅ and B∗′ 6= ∅ is similar to Case 2. Case 4: A∗′ = B∗′ = ∅. For
Cases 1–3 we can take a bijection h : A∗′ → B∗′. For Case 4 we put h(∅) = ∅.
The union Y ′ = Y ∪ A′ ∪ A∗′ is a closed nowhere dense subset of V . Hence there exists a
basic set U ∈ U such that U ⊂ V and U ∩ Y ′ = ∅. Then ϕU(Z) ≈ Z and ϕU(Z) is a closed
nowhere dense subset of V . Define FV = Y
′ ∪ ϕU(Z). Likewise, there exists U
∗ ∈ U such that
U∗ ⊂ W and ϕU∗(Y ) ≈ Y misses the set Z
′ = Z ∪ B′ ∪ B∗′. Put EW = Z
′ ∪ ϕU∗(Y ).
Then we define a homeomorphism fV : FV → EW by the rule
fV (x) =


g(x) if x ∈ A′,
h(x) if x ∈ A∗′,
ϕU∗(x) if x ∈ Y,
(ϕU)
−1(x) if x ∈ ϕU(Z).
By Lemma 2.1, there exists a KR-cover 〈VV ,WV , ψV 〉 for 〈V \ FV ,W \ EW , fV 〉.
It is not hard to see that Fn+1 = Fn∪
⋃
{FV : V ∈ Vn} and En+1 = En∪
⋃
{Eψn(V ) : V ∈ Vn}
are closed nowhere dense subsets of X . Clearly, the mapping
fn+1(x) =
{
fV (x) if x ∈ FV for some V ∈ Vn,
fn(x) if x ∈ Fn
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is a homeomorphism between Fn+1 and En+1.
Define Vn+1 = {U ∈ VV : V ∈ Vn} and Wn+1 = {ψV (U) : U ∈ VV , V ∈ Vn}. Then
ψn+1 =
⋃
{ψV : V ∈ Vn} is a bijection between Vn+1 and Wn+1 which is agreed to fn+1. Thus,
〈Vn+1,Wn+1, ψn+1〉 is a KR-cover for 〈X \Fn+1, X \En+1, fn+1〉. If necessary, the families Vn+1
and Wn+1 can be refined to families with measure less than 1/(n + 2). One can check that all
conditions (a)–(g) are satisfied. This completes the induction step.
From (a) and (b) it follows that X =
⋃
{Fn : n ∈ ω} =
⋃
{En : n ∈ ω}. The condition
(d) implies that the rule f(x) = fn(x) if x ∈ Fn for some n defines the bijection f : X → X .
Moreover, f is a homeomorphism. Next, using (c), we obtain f(A) = B. 
Corollary 2.3. Let X ⊂ 2ω be an h-homogeneous λ-set. Then X is CDH.
Theorem 2.4. Let X be an h-homogeneous metrizable Λ-set. If A is a σ-discrete subset of X,
then X is homeomorphic to X \ A.
Proof. Since dimX = 0, there exists a sequence U 0,U 1, . . . of discrete clopen covers of X
such that Un+1 is a refinement of Un for each n and the family U = {U ∈ Un : n ∈ ω}
forms a base for X . For each U ∈ U fix a homeomorphism ϕU : X → U . Then the set
A∗ = A ∪
⋃
{ϕU(A) : U ∈ U} is σ-discrete in X . Hence, A
∗ = ∪{An : n ∈ ω}, where each An
is a discrete closed subset of X . For every U ∈ U the set U \ A contains a closed copy of each
An because the space X is weight-homogeneous and nowhere locally compact.
By definition of a Λ-set, A∗ is a Gδ-subset of X . Since X
∗ = X \A∗ is a dense subset of X ,
it is meager in X . Then X∗ = ∪{Xn : n ∈ ω}, where each Xn is a nowhere dense closed subset
of X . By construction, ϕU(Xn) is a closed nowhere dense subset of U and ϕU(Xn) ⊂ U \A for
any n ∈ ω and U ∈ U .
Since X =
⋃
{An ∪Xn : n ∈ ω}, by [M4, Lemma 4], every non-empty relatively open subset
of X \A contains a closed (in X \A) nowhere dense copy of X . According to [M4, Theorem 3],
X \A is homeomorphic to h(X, k), where k = w(X) and h(X, k) is the smallest h-homogeneous
meager space containing X . Clearly, X = h(X, k). 
Corollary 2.5. Let X ⊂ 2ω be an h-homogeneous λ-set. If A is a countable subset of X, then
X is homeomorphic to X \ A.
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